In this paper we investigate how to tune the thermostat hysteresis for a system of interconnected thermal processes. Using linear programming techniques and worst-case analysis we compute switch levels for the controller t o make the system stay close to desired temperature levels. Both the case with and without amplitude bounded disturbances are treated. The same technique can also be applied t o a system of interconnected tanks despite the fact that such a system is nonlinear.
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where Ti denotes the temperature in tank i , To is the ambient temperature and Kij 2 0 and Li 2 0 are heat transfer constants. Mi is the heat capacity of tank i. The sum on the right hand side of (1) models the heat transfer between tank i and tanks j . The second term is the influence of the ambient temperature. The third and fourth terms model the effect from a heater and disturbances, respectively. We let ui = 1 correspond to heater ON and ui = 0 to heater OFF. Since ;x heater only can add energy to the system, pi 2 0. Fui:thermore, pi is proportional to the power produced b:y heater i. Negative values of pi could be possible if coolers were available. We will assume that the disturbimces are bounded and can be modeled by where ui E {0,1} and lwil 5 1. Using matrix notation we get
where T E Rn, U E {O,l}n, w E [-1,lIn. firthermore, L E Rn, A E RnXn is a stable matrix and B = diag(bi), C = diag(ci) are diagonal matrices with non-negative entries. Tanks without heaters correspond to zero diagonal entries of B. Using the variable transforma5on x = T + A-lLTo we arrive at the following linear dynamic system model for the tank temperatures
where x , U , and w are the state, control, and disturbances of tlne system.
Note that the stability of A follows from aii 5
-Cifi aij , which holds according to (3), and the Gershgorin Circle Theorem, see e.g., 111. In the sequel we do not utilize this special structure of A but only that it is a stab1.e matrix.
Control Strategy and Objective
We now introduce bounds on the states. Let where the inequalities should be interpreted componentwise. For tanks with heaters gi and are the switching levels of the thermostat, i.e., the heater is turned ON if xi reaches xi = gi from above and the heater is turned OFF if xi reaches zi = Ti from below. Thus gi and define the hysteresis region for the thermostat control. To avoid "chattering" solutions we introduce a lower bound on the difference between upper and lower switch levels, i.e., for indices i that correspond to tanks with heaters.
For all tanks gi and Ti denote guaranteed upper and lower bounds on the temperature in tank i. An important control objective is to make the difference between these bounds as small as possible, see Section 2.
The major control objective is to make the temperature in the tanks without heaters stay close to desired temperatures, tf . This implies the constraints
for indices i that correspond to tanks without heaters.
Optimization Formulation

Invariant Set
A sufficient condition for g and z to be lower and upper bounds on the state is that is an invariant set (here we assume that the state initially belongs to this set). By an invariant set we mean that once the state belongs to the set it will never leave it. Now, X is invariant if the state trajectory tangent is pointing inwards at each point on ax. By a "worst case" analysis of the value of A x + Bu + Cw on d X we can give linear constraints on g and Z such that K is guaranteed to be an invariant set. The "size" of X can then be minimized using a linear objective function.
Consider tank i. The slab gi 5 zi 5 E, in the state space is invariant if x, 2 0 when xi = g, and x i <_ 0 when xi = Ti. In each case we do a worst case choice of x j and wi and a best choice of ui, to get sufficient conditions on gi and Ti for the slab to be invariant.
We now derive a sufficient condition for gi to be a lower end of an invariant interval of x i . According to the assumptions, the thermostat control law turns on the heater when xi = gi. Hence ui = 1 if there is a heater available in tank i. Note that we can always set ui = 1 in this case since the value of ui will not effect xi if there is no heater (the corresponding diagonal element of B is zero). Furthermore, xi attains its minimum value (which has to be non-negative for invariance) when x j = gj,j # i and wi = -1 since their coefficients in (2) all are non-negative. Using these values on the variables we get the following condition on
The conditions on g from all states can be rewritten in matrix form as follows 
L P Formulation
We observe that inequalities (6), (7), (8) 
where 1 , is the set of indices for which the corresponding tank has a heater and Znh corresponds to the tanks without. Table 2 Note that some tanks with heaters now have a bound separation greater than 4 . W e now use the values for i = 1, 5, 6, 7 and 10 in Table 2 as switching levels of the thermostats controlling the heaters in the corresponding tanks. A simulation of the closed loop system is shown in Figure 6 . Now, the bounds o n 2 2 and x3 are much closer to the simulated curve. In the figures of 2 5 and x7 the switching is much faster than before. no heater), z5(heater) and m(heater). The straight lines are the switch levels for tanks with heaters, and guaranteed upper and lower bounds on the temperature for all tanks. dp = 0.01 in the synthesis of the control law used in this simulation.
A Nonlinear System
Another system for which this technique can be applied is a system consisting of interconnected water tanks and pumps where the connection is made through hoses. From the law of Bernoulli we get the following state space equation for the ith tank, 
X i = , z i i~+ C a i j~+ b i u i + c i w i , (13)
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The computation of switch levels and upper and lower bounds for the states of a system decomposed by a number of thermally coupled tanks has been formulated as an LP problem. A number of simulations have been carried out showing that the bounds are rather close to the simulated curves when amplitude bounded disturbances act on the system. The same technique can also be used on a system of flow-connected tanks and pumps after a change of variables despite the fact that this i:, a nonlinear system.
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